Introduction
The Hom-Lie algebra structure was initially introduced in [1] motivated by examples of deformed Lie algebras coming from twisted discretizations of vector fields. Hom-Lie algebras are K-vector spaces endowed with a bilinear skew-symmetric bracket satisfying a Jacobi identity twisted by a map. When this map is the identity map, then the definition of Lie algebra is recovered.
The study of this algebraic structure was the subject of several papers [1, 4, 5, 6, 8] . In particular, a homology theory for Hom-Lie algebras, which generalizes the Chevalley-Eilenberg homology for a Lie algebra, was the subject of [7, 9] .
In the classical setting, homology theory is closely related with universal central extensions. Namely, the second homology with trivial coefficients group is the kernel of the universal central extension and universal central extensions are characterized by means of the first and second homologies with trivial coefficients.
Our goal in the present paper is to investigate if the homology for Hom-Lie algebras introduced in [7, 9] allows the characterization of universal central extensions of Hom-Lie algebras in terms of Hom-Lie homologies. But when we try to generalize the classical results of universal central extensions theory of Lie algebras to Hom-Lie algebras an important problem occurs, namely the composition of central extensions is not central in general. This fact doesn't allow a complete generalization of classical results, however requires the introduction of a new concept of centrality for Hom-Lie algebra extensions.
To show our results, we organize the paper as follows: in Section 2 we recall some basic needed material on Hom-Lie algebras, the notions of center, commutator and module. In order to have examples, we include the classification of two-dimensional complex Hom-Lie algebras. In section 3 we recall the chain complex given in [9] and we prove its well-definition by means of the Generalized Cartan's formulas; the interpretation of low-dimensional homologies is given. In section 4 we present our main results on universal central extensions, namely we extend classical results and present a counterexample showing that the composition of two central extension is not a central extension. This fact lead us to define α-central extensions as extensions for which the image by the twisting endomorphism α of the kernel is included in the center of the middle Hom-Lie algebra. We can extend classical results as: a Hom-Lie algebra is perfect if and only if admits a universal central extension and the kernel of the universal central extension is the second homology with trivial coefficients of the Hom-Lie algebra. Nevertheless, other result as: if a central extension 0
is perfect and every central extension of (K, α K ) is split only holds for universal α-central extensions, which means that only lifts on α-central extensions. Other relevant result, which cannot be extended in the usual way, is: if 0
Of course, when the twisting endomorphism is the identity morphism, then all the new notions and all the new results coincide with the classical ones.
2 Hom-Lie algebras
for all x, y, z ∈ L.
In terms of the adjoint representation ad x : L → L, ad x (y) = [x, y], the HomJacobi identity can be written as follows [4] : [4] . Then 
f ) For examples coming from deformations we refer to [7] .
A homomorphism of multiplicative Hom-Lie algebras is a homomorphism of the underlying Hom-Lie algebras.
So we have defined the category Hom − Lie (respectively, (Hom − Lie mult ) whose objects are Hom-Lie (respectively, multiplicative Hom-Lie) algebras and whose morphisms are the homomorphisms of Hom-Lie (respectively, multiplicative Hom-Lie) algebras. There is an obvious inclusion functor inc : Hom − Lie mult → Hom − Lie. This functor has as left adjoint the multiplicative functor (−) mult : Hom − Lie → Hom − Lie mult which assigns to a Hom-Lie algebra (L,
, for all x, y ∈ L and α is induced by α.
In the sequel we refer Hom-Lie algebra to a multiplicative Hom-Lie algebra.
Let (L, [−, −], α L ) be an n-dimensional Hom-Lie algebra with basis {a 1 , a 2 , . . . , a n } and endomorphism α L represented by the matrix A = (α ij ) with respect to the given basis. To determine its algebraic structure is enough to know its structural constants, i.e. the scalars c 
Proof. a) There is not difference with Lie-algebras case [3] . b) Applying Hom-Jacobi identity 2.1 b): First at all, we apply the change of basis given by the equations a
.a 2 , if x = 0, and a
.a 1 , if x = 0 and y = 0, to normalize the bracket, ob- 
Lemma 2.12 Let H and K be Hom-ideals of a Hom-Lie algebra
(L, [−, −], α L ), then [H, K] is a Hom-ideal of (α L (L), [−, −], α L | ).
Definition 2.13 The center of a Hom-Lie algebra
given by ρ(x ⊗ m) = x m, satisfying the following properties:
for all x, y ∈ L and m, m ′ ∈ M. Under these circumstances, we say that (L, α L ) Hom-acts over (M, α M ). , where M the ideal generated by {e}. [7] .
d) An abelian sequence of Hom-Lie algebras is an exact sequence of Hom-Lie algebras
0 → (M, α M ) i → (K, α K ) π → (L, α L ) → 0, where (M, α M ) is an abelian Hom-Lie algebra, α K i = i α M and π α K = α L π.
The abelian sequence induces a Hom-L-module structure on (M, α M ) by means of the action given by
ρ : L ⊗ M → M, ρ(l, m) = [k, m], π(k) = l.
e) For other examples we refer to Example 6.2 in

Homology
Following [7, 9] , for a Hom-Lie algebra (L,
For n 1, one defines the K-linear map,
Although in [7, 9] is proved that (CL α n (L, M) , d n ) is a well-defined chain complex, we present an alternative proof by means of a generalization of Cartan's formulas. Firstly, we define for all y ∈ L and n ∈ N, two linear maps,
Proposition 3.1 (Generalized Cartan's formulas)
The following identities hold:
Proof. The proof follows with a routine induction, so we omit it. ✷
In case α L = Id L , α M = Id M , the above formulas become to the Cartan's formulas for the Chevalley-Eilenberg homology [2] .
is a well-defined chain complex (an alternative proof can be seen in [9] ). Its homology is said to be the homology of the Hom-Lie algebra (L, [−, −] , α L ) with coefficients in the Hom-L-module (M, α M ) and it is denoted by:
An easy computation in low-dimensional cycles and boundaries provides the following results:
where M L = {m l : m ∈ M, l ∈ L}. Now let us consider M as a trivial Hom-L-module, i.e. m l = 0, then
.
Universal central extensions
Through this section we will deal with universal central extensions of Hom-Lie algebras. We will generalize classical results of universal central extensions theory of Lie algebras, but here an important problem appears, namely the composition of central extensions is not central in general, as the Example 4.9 shows. This fact doesn't allow a complete generalization of classical results, however requires the introduction of a new concept of centrality for Hom-Lie algebra extensions. 
Definition 4.1 A short exact sequence of Hom-Lie algebras
and endomorphism α K = 0.
The surjective homomorphism π :
exists a unique homomorphism of Hom-Lie algebras
h : (K, α K ) → (K ′ , α K ′ ) such that π ′ h = π. A central extension (K) : 0 → (M, α M ) i → (K, α K ) π → (L, α L ) → 0 is said to be universal α-central if for every α-central extension (K) : 0 → (M ′ , α M ′ ) i ′ → (K ′ , α K ′ ) π ′ → (L, α L ) → 0 there exists a unique homomorphism of Hom-Lie alge- bras h : (K, α K ) → (K ′ , α K ′ ) such that π ′ h = π.
Remark 4.4 Obviously, every universal α-central extension is a universal central extension. Let us observe that both notions coincide when
α M = Id M . Definition 4.5 A Hom-Lie algebra (L, α L ) is said to be perfect if L = [L, L]. Lemma 4.6 Let π : (K, α K ) → (L, α L ) be a surjective homomorphism of Hom- Lie algebras. If (K, α K ) is a perfect Hom-Lie algebra, then (L, α L ) also it is. Lemma 4.7 Let 0 → (M, α M ) i → (K, α K ) π → (L, α L ) → 0 be a central extension and (K, α K ) a
perfect Hom-Lie algebra. If there exists a homomorphism of HomLie algebras
The proofs of these two last Lemmas use classical arguments, so we omit it.
, where α is the induced homomorphism, is an abelian HomLie algebra, consequently, it is a trivial Hom-L-module. Let us consider the central extension 0
Then the homomorphisms of Hom-Lie algebras ϕ, ψ :
Lemma 4.6 ends the proof. ✷ Classical categories as groups, Lie algebras, Leibniz algebras and other similar ones share the following property: the composition of two central extensions is a central extension, which is absolutely necessary in order to obtain characterizations of the universal central extensions. Unfortunately this property doesn't remain for the category of Hom-Lie as the following counterexample 4.9 shows. This problem lead us to introduce the notion of α-central extensions in Definition 4.1, whose properties relative to the composition are given in Lemma 4.10. 
(the non-written brackets are equal to zero) and endomorphism α L = 0.
Let (K, α K ) be the five-dimensional Hom-Lie algebra with basis
(the non-written brackets are equal to zero) and endomorphism α K = 0.
The linear map π : (the non-written brackets are equal to zero) and endomorphism α F = 0.
is a central extension since ρ is a surjective homomorphism of Hom-Lie algebras and Ker
is a surjective homomorphism, but is not a central extension, since Z(F, α F ) =< {e 1 } > and Ker (πρ) = < {e 1 , e 2 } >, i. e. Ker (πρ) Z(F, α F ).
Proof. We must prove that [α P (P ), F ] = 0. Since (K, α K ) is a perfect Hom-Lie algebra, then every element f ∈ F can be written as f = 
If (K, α K ) is a perfect Hom-Lie algebra and every central extension of
is a universal α-central extension, then it is a universal central extension by Remark 4.4, so (K, α K ) is a perfect Hom-Lie algebra by Lemma 4.8 and every central extension of (K, α K ) is split by Lemma 4.10.
, which is central, consequently is split, i.e. there exists a homomorphism σ : (K, α K ) → (P, α P ) such that τ σ = Id.
Then πσ, where π : (P, α P ) → (A, α A ) is induced by the pull-back construction, satisfies τ πσ = π. Lemma 4.8 ends the proof. As K-vector spaces, let I L be the subspace of L ∧ L spanned by the elements of the form −[
). Now we denote the quotient K-vector space
by uce(L). Every class x 1 ∧ x 2 + I L is denoted by {x 1 , x 2 }, for all x 1 , x 2 ∈ L.
By construction, the following identity holds:
for all x 1 , x 2 , x 3 ∈ L. 
